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We alulate the Kondo temperature (TK) and rystal-eld levels of strongly orrelated multior-
bital systems solving the Anderson Impurity Model with the nite U Non-Crossing Approximation
(UNCA) in its simplest sheme, that is, onsidering the self energies at lowest order in the 1/N
diagrammati expansion. We introdued an approximation to the vertex funtion that inludes the
double energy dependene and investigate its eet on the values of TK for simple eletroni models.
We also analyze the ompetition between the two spin ip mehanisms, involving virtual transitions
to empty and doubly oupied states, in the determination of the ground state symmetry by inlud-
ing an extra diagram of higher order in 1/N. We nally ombine the resulting simple formalism with
ab initio alulated eletroni strutures to obtain TK 's, ground states, and rystal eld splittings
in exellent agreement with experimental results for two partiular Ce ompounds, namely CeIn3
and CeSn3.
I. INTRODUCTION
One of the most studied models for strongly orrelated
eletron systems is the Anderson impurity model. This
an aount for the Kondo regime, where ondution ele-
trons satter o a loalized magneti impurity and form
a loal singlet. Initially proposed as a model for loal
moment formation in metals, in reent years it has been
extensively used to desribe the physis of quantum dots
and strongly orrelated lattie systems, mainly, heavy
fermion ompounds.
Among the several methods proposed to solve the An-
derson impurity Hamiltonian, the so-alled non-rossing
approximation (NCA), in its lowest order self-onsistent
form oupies a speial plae due to its omputational
simpliity. NCA an be thought as a pertubative ex-
pansion with respet to 1/N , where N is the degener-
ay of the impurity levels. In partiular, the NCA has
been widely used in the last twenty years to solve the
Anderson Hamiltonian in the innite U limit, in whih
the double oupany of the impurity site is prohibited.
This sheme was suessfully applied to, both, theoreti-
al models [1, 2, 3℄ and real materials [4, 5, 6℄, to analyse
dierent physial properties, like magneti suseptibili-
ties, rystal-eld splittings and spetral properties. Also,
within this approximation, the out-of-equilibrium trans-
port properties of single and double quantum dot systems
have been studied[7, 8℄.
For U →∞ and large N degeneray of the loal states,
NCA aptures the Kondo energy sale and provides a
qualitative desription of the formation of the Kondo
resonane when the temperature approahes the Kondo
regime (T → TK) from above [3℄. However, this is not
the ase for temperatures muh lower than TK (T ≪ TK),
where NCA yields unphysial results. Furthermore, the
TK 's are often underestimated in the innite U limit.
The deienies that restrit the usefulness of NCA
are greatly redued if a nite on-site repulsion U is on-
sidered together with the inlusion of vertex orretions
[9℄. While NCA in the innite U limit ontains all non-
rossing diagrams up to the (1/N)(1) order, with a nite
U there appear rossing diagrams of order (1/N)(0) whih
have to be at least inluded through vertex orretions.
Reently, Sakai et al. [10℄ and J. Otsuki and Y. Ku-
ramoto [11℄ have shown that a nite-U NCA (UNCA)
that ollets all the (1/N)0 order diagrams yields the
proper energy sale of the Kondo eet. Within their ap-
proximation, whih also onsiders non-rossing diagrams
of order 1/N , the main problem is how to ahieve a
omplete solution of the integral equations for the ver-
tex orretions, that depend on two independent energy
variables.
A more sostiated extension of the NCA tehnique
has been introdued by Haule et al.[12℄. This exten-
sion, known as the symmetrized nite-U NCA (SUNCA),
treats the utuation proesses into the empty and into
the doubly oupied intermediate states on an equal foot-
ing, by means of a proper symmetrization of the vertex
orretions. Although SUNCA provides a orret energy
sale, its pratial omputation is not easy, even for a
simple struture of the ondution eletron band.
In order to be applied to real materials, the sheme to
solve the many-body Hamiltonian should be able to give
both, a good approximation to the Kondo temperature as
well as the orret ground state symmetry without imply-
ing an unreasonable omputational eort under realisti
onditions (multiorbital models, omplex band eletron
strutures, et.).
In an earlier ontribution, we have been able to under-
stand and predit trends in the evolution of rystal-eld
splittings by using the NCA in the innite U limit, with
the hybridization funtion taken from ab initio eletroni
struture alulations [6℄. The aim of this ontribution is
twofold, on the one side we introdue an approximation
to vertex funtions inluding the double energy depen-
2dene in two dierent ways within UNCA at lowest or-
der in 1/N and study its inuene on TK . On the other
hand, we analyze the importane of diagrams of dier-
ent orders on the orret predition of the ground state
symmetry. Finally, we exemplify with two real Cerium
ompounds whose hybridization funtions are obtained
from rst priniples.
The paper is organized as follows. In setion II, we
introdue the Anderson Hamiltonian and the auxiliary
partile formalism. We also present the UNCA equations
up to the (1/N)(0) order of the diagrams. In setion III
we summarize the basi results for the Kondo temper-
ature implementing dierent treatments for the vertex
funtions. In setion IV, we investigate the rystal-eld
splittings indued by hybridization and the symmetry of
the ground state. Finally, in setion V, we apply the pre-
vious ideas on two real systems. The Kondo temperature
and the symmetry of the ground state are obtained for
CeIn3 and CeSn3. In setion VI, we summarize and on-
lude. Some details of the alulations an be found in
the Appendies.
II. AUXILIARY PARTICLE REPRESENTATION
AND THE LARGE-N NCA
The Anderson impurity model with nite U is de-
sribed by the Hamiltonian
Hˆ =
∑
km
ǫkm cˆ
†
kmcˆkm
+
∑
m
ǫmfˆ
†
mfˆm + U
∑
m<n
NˆmNˆn
+
∑
km
(
Vkmfˆ
†
mcˆkm + V
∗
kmcˆ
†
kmfˆm
)
, (1)
where the indies m,n label the quantum numbers of
the impurity levels. The operators cˆ†km, fˆ
†
m reate a on-
dution and a loalized eletron state, respetively, and
Nˆm = fˆ
†
mfˆm is the f -number operator. The last term
represents the hybridization between ondution and lo-
alized eletrons, and Vkm are the hybridization matrix
elements. In the auxiliary partile approah to the An-
derson impurity model, the loal impurity states are
represented by additional degrees of freedom, assumed
to be reated by pseudo-bosons and pseudo-fermions
operators[3℄. In order to take into aount the eets
of a nite value of the on-site Coulomb interation, U ,
the loal Hilbert subspae must ontain the empty, sin-
gle, and doubly oupied states, while states with higher
oupanies an surely be negleted for intermediate to
large values of U. The loal states are represented as fol-
lows:
|0〉 = bˆ† |vac〉 ,
|m〉 = sˆ†m |vac〉 ,
|mm′〉 = dˆ†mm′ |vac〉 ,
where |vac > is the vauum state for the auxiliary parti-
le operators, bˆ† is the light boson (empty state), sˆ†m's
are the single pseudo-fermions (single-oupied states
with energies εm), and dˆ
†
mm′ 's are the heavy bosons
(whih orrespond to the doubly oupied states with
energies Emn = ǫm + ǫn + U). These heavy bosons sat-
isfy the antisymmetri property dˆ†mm′ = −dˆ
†
m′m. The
loal physial eletron operator, fˆm, an be written as
fˆm = bˆ
†sˆm +
∑
m′ 6=m
sˆ†m′ dˆmm′ .
In this representation the Hamiltonian beomes
Hˆ =
∑
km
ǫkm cˆ
†
kmcˆkm +
∑
m
ǫmsˆ
†
msˆm
+
∑
m<n
(ǫm + ǫn + U) dˆ
†
mndˆmn
+
∑
km
(
Vkm sˆ
†
mbˆ cˆkm +H.c.
)
+
∑
kmm′(m′ 6=m)
(
Vkmdˆ
†
mm′ sˆm′ cˆkm +H.c.
)
. (2)
The auxiliary partile Hamiltonian is invariant under
simultaneous, loal U(1) gauge transformations, aˆ →
aˆeiφ(t), where φ(t) is an arbitrary, time-dependent phase
and aˆ is any auxiliary partile operator. Due to this,
there is a onservation of loal harge Q in time. There-
fore, all physial quantities should be obtained with the
onstraint Q = 1 [3℄. The orresponding Green's fun-
tions of the auxiliary partiles have the usual struture
G−1a (z) = z − ǫa−Σa(z), and the self-energies Σa(z) an
be evaluated by means of the non-rossing approxima-
tion.
In the ontext of the NCA, the simplest piture
that ontains the two elementary spin-ip sattering
proesses, involving empty and doubly oupied in-
termediate states, respetively, and that aptures the
orret energy sale of the Kondo eet in the nite U
ase, is obtained with the inlusion of vertex orretions
in a large-N expansion, retaining only the lowest order
diagrams in (1/N), that is, (1/N)(0).[13℄. In this approx-
imation, alled from now on UNCA
(0)
, the self-energy
of the heavy boson propagator vanishes. Consequently,
the Green's funtion of the doubly oupied states an
be written in the simple form G−1mm′(z) = z − Emm′ . On
the other hand, the self-energy for the pseudo-fermion
propagators ontain only the ontribution oming from
3conduction electron
propagator
pseudo−fermion
propagator
light boson
propagator
heavy boson 
Figure 1: Throughout this artile, the full, wiggly, dashed,
and urly lines stand for pseudofermion, empty boson, on-
dution eletron, and heavy boson propagators, respetively.
= +
= +
Figure 2: Dyson's equation for the pseudo-fermion and light
boson propagators within the non-rossing approximation up
to (1/N)0 order. The lines used in Feynman diagrams are
shown in Fig. 1 The bold (light) lines represent the full (free)
propagators. The big dot represents the vertex funtion, that
is, the bare hybridization vertex Vkm dressed by vertex or-
retions.
Figure 3: Diagrammati representation of the integral equa-
tion for the vertex funtion in the ladder approximation.
The vertex orretions inorporate rossing diagrams of or-
der (1/N)0 to the NCA equations.
the heavy boson. The ruial advantage of this sheme is
that the system of equations does not have to be solved
in a self-onsistent way.
The self-energies, denoted by loops in the diagrams of
Fig. 2, an be evaluated by standard Feynman rules and
by the projetion proess into the Q = 1 subspae[14℄.
The vertex funtion Λm(ω, ǫ), in the ladder approxima-
tion shown in Fig. 3, an also be evaluated in the same
way. The nal result is the following set of non-oupled
equations:
Σm(ω) =
∑
m′ 6=m
∫
dǫ
π
nF (ǫ)Γm′(ǫ)Gmm′(ω + ǫ), (3)
Λm(ω, ǫ) = 1+
∑
m′ 6=m
∫
dǫ′
π
Λm′(ω, ǫ
′)nF (ǫ
′)Γm′(ǫ
′)×
× Gm′(ω + ǫ
′)Gmm′(ω + ǫ
′ + ǫ),
(4)
Σb(ω) =
∑
m
∫
dǫ
π
nF (ǫ) Γm(ǫ)Λm(ω, ǫ)Gm(ω + ǫ). (5)
Here, nF (ǫ) is the Fermi funtion and Γm(ǫ) are the
hybridization funtions between the ondution eletron
band and the impurity state,
Γm(ǫ) = π
∑
k
VkmV
∗
kmδ(ǫ− ǫkm). (6)
It is easy to see that, with the self-energies for the pseudo-
fermions omputed from Eq. (3), one an obtain the
vertex funtions through Eq. (4). Finally, the self-energy
for the light boson propagator is obtained diretly from
Eq. (5). A omplete solution of the equations for the
vertex funtions seems to be impratial. In the next
setion we introdue some simpliations in order to solve
them numerially with low omputational eort, even for
realisti systems.
III. APPROXIMATIONS TO THE VERTEX
FUNCTION
The vertex funtions depend on two independent en-
ergy variables, ω and ǫ. A omplete solution of the set
of integral equations (4) implies a lot of omputational
eort, hene some simpliation is needed. The shemes
NCA and UNCA
(0)
are onserving, that is, the diagrams
an be derived from a Kadano-Baym funtional[15, 16℄.
However, this property is lost when approximating the
vertex funtion. This non-onserving feature, does not
imply major onsequenes if the spetral funtions of the
slave partiles are always positive and also integrate to
one, as expeted for the onservation of the expetation
value of the number of auxiliary partiles in this theory
(Q). We hek that this is the ase in the following al-
ulations.
In this setion we ompare the simplest approx-
imations to solve numerially the vertex equations
and analyse their inuene on the alulated Kondo
temperature for dierent values of the on-site Coulomb
repulsion U .
4A. NCAf2v approximation
Sakai et al [10℄ have pointed out that the exhange ou-
pling due to virtual transitions to the doubly oupied
state an be obtained even when the ǫ energy depen-
dene of the vertex funtion Λm(ω, ǫ) is negleted. So, in
order to get rid of the variable ǫ, they replae the heavy
boson propagator in Eq. (4) by a representative value,
that is, Gmm′(z ∼ ǫm′) = −1/(ǫm + U). Within this ap-
proximation there is no more ǫ dependene in the vertex
funtions:
Λm(ω, ǫ)→ Λ
(a)
m (ω). (7)
In this way, Eq. (4) is simplied as follows
Λ(a)m (ω) +
∑
m′ 6=m
Λ
(a)
m′ (ω)
ǫm + U
Fm′(ω) = 1, (8)
where
Fm(ω) =
∫
dǫ
π
nF (ǫ)Γm(ǫ)Gm(ω + ǫ). (9)
With this simpliation of the vertex funtions, Λ
(a)
m , the
boson self-energy turns into the simple expression
Σ
(a)
b (ω) =
∑
m
Λ(a)m (ω)Fm(ω). (10)
Sakai et al. have alled their approximation NCAf2v
and, using it, they have obtained good results for
dierent properties of real systems, like CeSb[10℄. On
the other hand, Svane et al.[17℄ have also used vertex
funtions with a single energy argument to analyse the
monopnitides series of Cerium ompounds, CeX (X=N,
P, As, Sb, Bi).
B. NCAf2vǫ approximation
We an reover the seond energy dependene, ǫ, in
the vertex funtions, avoiding at the same time to solve
the integral equations, if we interhange energy variables
in the integrand of Eq. (4) as follows:
Λm′(ω, ǫ
′)→ Λ
(b)
m′(ω, ǫ). (11)
This proedure is justied under the assumption that the
ǫ dependene of the vertex funtions is relatively weak.
The resulting approximation for the vertex funtions was
suessfully used by Kang et al.[13℄ to study the inuene
of a magneti eld in the impurity Anderson model. Even
though we reover the double energy dependene of the
vertex funtions, it should be notied that energy onser-
vation is still not ompletely satised in the vertex or-
retion diagrams. Under this approximation, the vertex
equations (4) beome a set of linear algebrai equations
for given values of ω and ǫ,
Λ(b)m (ω, ǫ) =1 +
∑
m′ 6=m
Λ
(b)
m′(ω, ǫ)
∫
dǫ′
π
nF (ǫ
′)×
Γm′(ǫ
′)Gm′ (ω + ǫ
′)Gmm′(ω + ǫ
′ + ǫ).
(12)
To further simplify the integral, we an evaluate the dou-
bly oupied Green's funtions at some spei value of
ω, as before. The energy dependene on ǫ for the dou-
bly oupied Green's funtions ould be kept if we set
ω + ǫ′ = ǫm′ ,
Gmm′(ω + ǫ
′ + ǫ)|ω+ǫ′=ǫ
m
′
=
−1
ǫm + U − ǫ− iη
.
The nal form of the vertex funtion is again obtained
from a set of linear algebrai equations. This and the or-
responding self-energy of the boson propagator are given,
respetively, by
Λ(b)m (ω, ǫ) +
1
ǫm + U − ǫ− iη
∑
m′ 6=m
Fm′(ω)Λ
(b)
m′(ω, ǫ) = 1,
(13)
and
Σ
(b)
b (ω) =
∑
m
∫
dǫ
π
nF (ǫ) Γm(ǫ)Λ
(b)
m (ω, ǫ)Gm(ω + ǫ).
(14)
To be onsistent with the nomenlature introdued
by Sakai, we all this approximation the 'NCAf2vǫ
approximation', where ǫ indiates the double energy
dependene of the vertex funtions.
C. NCAf2vǫ˜ approximation
The NCAf2vǫ vertex funtion an be further improved
by evaluating the doubly oupied Green's funtions (Eq.
(12)) at the value of ω + ǫ′ that most likely maximize
the rest of the integrand, that is, ω + ǫ′ ∼ ǫ˜m′ , where
ǫ˜m′ are the renormalized poles of the pseudo-fermion
Green's funtions. From Eq. (3), we ompute diretly
the imaginary parts of the pseudo-fermion propagators,
that are the spetral funtions orresponding to the re-
tarded Green's funtions Gm(z)
ρm(ω) = −
1
π
Im Gm(ω).
The poles of ρm(ω) are the energies ǫ˜m that satisfy
ǫ˜m − ǫm − Σm(ǫ˜m) = 0. (15)
If we set ω+ǫ′ = ǫ˜m′ in the argument of the doubly ou-
pied Green's funtions in Eq. (12), the vertex funtions
and the boson self-energy are then given, respetively, by
5Λ(c)m (ω, ǫ) +
1
ǫ˜m + U − ǫ − iη
∑
m′ 6=m
Fm′(ω)Λ
(c)
m′(ω, ǫ) = 1,
(16)
Σ
(c)
b (ω) =
∑
m
∫
dǫ
π
nF (ǫ) Γm(ǫ)Λ
(c)
m (ω, ǫ)Gm(ω + ǫ).
(17)
D. Kondo temperature results
We analyze next the eet of the dierent approxima-
tions desribed above on the Kondo temperature, within
a simple model. For this purpose, we use a onstant
and degenerate hybrization intensity Γm(ǫ) = 0.15 eV
for −B < ǫ < B and 0 otherwise. Here B is the half
bandwidth and we set B = 3 eV. The degeneray N in
this setion is taken to be N = 6 and we set ǫm = −2 eV
for allm's. With these parameters we solve the UNCA(0)
set of equations in the NCAf2v, NCAf2vǫ, and NCAf2vǫ˜
vertex approximations. We obtain the spetral funtions
for the boson (ρb(ω, T )) and pseudo-fermions (ρm(ω, T )),
in the T → 0 limit, in order to alulate the Kondo tem-
perature, TK . As usual, this temperature is obtained
from the dierene between the lowest pole of ρb(ω) and
the orresponding one for ρm(ω)[1℄. We obtain TK for
dierent values of the Coulomb interation U and within
the dierent approahes to the vertex orretions previ-
ously introdued, taking U= 5 eV, 10 eV and 100 eV.
We onsider that U= 100 eV already gives the U → ∞
limit. The U → ∞ limit is haraterized by Λm = 1 (to
leading order of the large-N expansion) and this limit
is reovered perfetly with U = 100 eV. Our results are
presented in Table I.
U T
(a)
K
T
(b)
K
T
(c)
K
5 260 208 183
10 85 81 77
100 33 34 31
Table I: Results for the Kondo temperature obtained from
dierent approximations to the vertex funtions. The super-
sripts a, b and c represents the NCAf2v, NCAf2vǫ, and
NCAf2vǫ˜ approximations to the vertex funtions respetively.
The Kondo temperatures are given in Kelvin. The values of
U are given in eV.
In Fig. (4) we ompare the real parts of the vertex
funtions in the NCAf2v and NCAf2vǫ˜ approximations
−10 −5 0 5 10
w (eV)
0,6
0,8
1
1,2
1,4
1,6
1,8
2
R
e 
   
 (w
)
Λ
Λ (ω)
Λ (ω,Ε  )
(a)
(c)
0
Figure 4: Real part of the vertex funtions as a funtion of ω
for U = 5 eV. The seond argument of Λ
(c)
m (ω, ǫ) is evaluated
at the pole of the boson spetral funtion, E0.
as a funtion of ω. To plot the funtion ReΛ
(c)
m (ω, ǫ), we
set its seond argument equal to the value of the lowest
pole of the boson spetral funtion, E0. The orrespond-
ing urve for the vertex funtion in the NCAf2vǫ ap-
proximation, Λ
(b)
m (ω,E0), is very similar to Λ
(c)
m (ω,E0),
so that it is not shown in Fig. (4). From this gure it
an be seen that the NCAf2v vertex agrees qualitatively
with the NCAf2vǫ˜ one. As it an be drawn from Table I,
all the approximations give the same order of magnitude
for the Kondo sale, for a given U . However, there is a
quantitative dierene in the alulated TK 's that an go
up to 30 %.
On the other hand, in Fig. (5) we plot Λ
(b)
m (E0, ǫ) and
Λ
(c)
m (E0, ǫ) as funtions of their seond arguments. For
ω we have hosen, just as an example the value of the
boson propagator pole, E0. Both urves seem to have
been rigidly shifted one with respet to the other, as a
onsequene of the dierent argument values in whih
the Green's funtions of the heavy bosons are evaluated
in the vertex orretions. The dierenes show up in the
values obtained for TK .
Comparing Figs. (4) and (5), it an be observed that,
as a funtion of ω, there is an important variation of the
funtions in a wide energy range while, as a funtion of
ǫ, the energy window of variation is narrower. However,
in this last ase the amplitude of variation is up to ve
times greater than in the rst one. From this fat, it
is lear that the seond dependene in energy annot be
negleted for U = 5 eV if preise values of TK are desired.
This result is relevant in the ase of Ce systems for whih
U ∼ 6 eV.
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Figure 5: Real part of the vertex funtions in the NCAf2vǫ
and NCAf2vǫ˜ approximations as a funtion of ǫ for U = 5
eV. The rst argument of both funtions is evaluated at the
pole of the boson spetral funtion, E0.
IV. CRYSTAL-FIELD EFFECTS
A. Model
In many real systems the rystal-eld splittings are
important and have not been taken into aount in the
previous model. In this setion, we investigate a model in
whih the hybridization funtions Γm(ǫ), dened by Eq.
(6), are energy independent, but have dierent intensities
aording to the orresponding m-symmetry. Therefore,
in these ases there are hybridization-indued rystalline
eletri eld splittings, ∆nn′ . The splitting indued by
hybridization is antiipated to be the dominant ontribu-
tion to the rystal-eld splittings in strongly hybridized
Kondo systems, suh as Cerium ompounds[18℄. The
rystal-eld splittings are dened as the absolute value
of the dierene between the lowest pole of the pseudo-
fermion spetral funtions (ǫ˜n) and the exited ones (ǫ˜n′),
∆nn′ = |ǫ˜n′− ǫ˜n|. We onsider the ∆nn′ oming from vir-
tual transitions f1 → f0 → f1 and f1 → f2 → f1 of the
loal level, that is, we fous on the splitting oming from
the anisotropy (m-dependene) of the mixing interation
Vkm.
A good sheme to solve the Hamiltonian should be able
to give, not only the orret Kondo energy sale but also
the orret symmetry of the loal impurity ground state.
We an get a preliminary idea about the symmetry of
the ground state as shown in Ref. [18℄. Within the in-
nite U NCA[3℄, the pseudo-fermions are dressed only by
the empty boson. For a at density of states of the on-
dution eletrons, of half-width B, the orresponding real
part of the self-energy of the pseudo-fermions is given, at
zero temperature and to leading non-trivial order 1/N ,
by the approximate relation
ReΣU=∞,NCAm ≃
Γm
π
ln
∣∣∣ǫf
B
∣∣∣≃ −κΓm, (18)
with κ a positive real number. Therefore, the shift of the
pseudo-fermion energies is always negative and diretly
proportional to the hybridization strength. Using this
simple argument, we an foresee that the level with the
strongest hybridization has the largest shift and beomes
the ground state. It is worth to notie that the same
physis holds in the resonant model (U = 0).
On the other hand, within UNCA
(0)
, the shift of the
dierent pseudo-fermion levels is given by the self-energy
oming solely from the doubly oupied bosons (see Eq.
(3)). In order to ompare the ∆nn′ 's oming from empty
or doubly oupied bosons, we estimate this last on-
tribution. We analyse here a system with two dierent
onstant hybridizations, namely Γ1 and Γ2, whih are N1
and N2 times degenerate, respetively. The real part of
the self-energies of the pseudo-fermions are given by the
following approximate relation, at zero temperature,
ReΣU<∞m ≃
∑
m′ 6=m
Γm′
π
ln
∣∣∣ ǫm + U
ǫm + U +B
∣∣∣≃ − ∑
m′ 6=m
Γm′
π
α,
(19)
where α is also a positive real number and onsidering
that all the ǫm have the same value. We have found,
taking into aount only virtual transitions f1 → f0 →
f1 (U →∞ limit),
ReΣU=∞,NCA1 ≃ −κΓ1
ReΣU=∞,NCA2 ≃ −κΓ2, (20)
but on the other hand, taking into aount only virtual
transitions f1 → f2 → f1, (U <∞), the self energies are
given by
ReΣU<∞1 ≃ −α ((N1 − 1)Γ1 +N2Γ2)
ReΣU<∞2 ≃ −α (N1Γ1 + (N2 − 1)Γ2) , (21)
Considering the ase Γ1 > Γ2, the orresponding self-
energies are related to eah other as follows
ReΣU=∞,NCA1 < ReΣ
U=∞,NCA
2 , (22)
ReΣU<∞1 > ReΣ
U<∞
2 . (23)
Therefore, we an infer that there exists a ompetition
between both spin ip mehanisms, f1 → f0 → f1 and
f1 → f2 → f1, to give the ground state symmetry, as it
will be onrmed in the next subsetion.
Due to this, we add to the UNCA
(0)
diagrams the
fermion self-energy diagram of order (1/N)1, originated
in virtual transitions to the empty state, and we analyze
7= + +
+=
Figure 6: Diagrammati representation of the nite U non-
rossing approximation up to (1/N)0 order with an additional
diagram of order (1/N)1. The big dot represents the vertex
funtion. The diagram of order (1/N)1 has a bare light boson
propagator, and it does not ontain vertex orretions.
the inuene of this last ontribution on the∆nn′ 's values
and on the ground state symmetry.
In Fig. (6) we show the diagrammati representation of
the non-rossing approximation up to (1/N)0 (UNCA(0))
order with the additional diagram of order (1/N)1. We
all this approah UNCA
(0+1)
from now on. In order to
ompare on an equal footing both ontributions to the
self-energy of the pseudo fermions, in this additional dia-
gram we neither onsider vertex orretions nor the self-
onsistent renormalization of the light boson propagator.
Summarizing, in this approximation, the self-energy of
the pseudo-fermions has two ontributions, one oming
from the empty boson and another from the doubly o-
upied ones, as shown by the following expression
Σm(ω) =
∑
m′ 6=m
∫
dǫ
π
nF (ǫ)Γm′(ǫ)Gmm′(ω + ǫ)
+
∫
dǫ
π
[1− nF (ǫ)]
Γm(ǫ)
ω − ǫ
. (24)
B. Crystal-eld results
As a rst step in the modeling of real ompounds,
in this subsetion we onsider a system with two dier-
ent onstant hybridizations, Γ1 and Γ2, with degeneray
N1 = 2 and N2 = 4, respetively. As before, we take
the half bandwidth B = 3 eV and ǫm = −2 eV for all
m's. To obtain the ∆12's we ompute the pseudo-fermion
self-energy Σm(ω) oming from Eqs. (3) and (24), or-
responding to UNCA
(0)
and UNCA
(0+1), respetively,
whih are solved for dierent values of U . In this subse-
tion we use the vertex orretions given by the NCAf2vǫ˜
approximation.
In Table II we show the alulated values of ∆12 for
U ∆UNCA
(0)
12 ∆
UNCA
(0+1)
12
5 24 6
10 12 21
100 2 31
Table II: Results for the rystal-eld splitting ∆12 ≡ |ǫ˜1 − ǫ˜2|
obtained for ∆Γ = 0.1 eV within the NCAf2vǫ˜ approximation
to the vertex funtions. The values of the ∆12 are given in
Kelvin. The values of U are given in eV.
Γ1 = 0.15 eV and Γ2 = 0.05 eV. We obtain the Γ2 sym-
metry as the ground state when we use UNCA
(0)
and a
derease of the absolute value of ∆12 when going from
U = 5 eV to U → ∞. It is lear from Eq. (21) that
α vanishes in the U → ∞ limit and that the shift pro-
dued by ΣU<∞1 beomes equal to the one orresponding
to ΣU<∞2 . The rystal-eld splittings in the innite U
limit ome only from the f1 → f0 → f1 proesses, as
expeted.
On the other hand, UNCA
(0+1)
gives Γ1 as the ground
state symmetry, as it has been antiipated by the ap-
proximate expression of Eq. (23). In this ase, we obtain
an inrease in the values of ∆12 when going from U = 5
to U → ∞. Similar behaviour is obtained for dierent
values of ∆Γ = Γ1 − Γ2.
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Figure 7: Kondo temperature, TK , as a funtion of the rystal-
eld splitting, ∆12, within the UNCA
(0)
sheme. The ob-
tained symmetry for the ground state is Γ2 in all alulations.
The values are given in Kelvin.
We then analyse the evolution of TK for dierent values
of ∆Γ by setting Γ1 = 0.15 eV and varying Γ2, from 0.09
to 0.15 eV.
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Figure 8: Kondo temperature, TK , as a funions of the rystal-
eld splittings, ∆12, within the UNCA
(0+1)
sheme. The ob-
tained symmetry for the ground state is Γ1 in all alulations.
The values are given in Kelvin.
For eah ∆Γ we alulate the splitting ∆12 and TK
within UNCA
(0)
and UNCA
(0+1)
as shown in Figs. (7)
and (8) respetively. In both ases, and for all the val-
ues of U onsidered, we obtain a derease of the Kondo
temperature as the rystal eld splitting inreases. In
this simple ontext using onstant hybridization fun-
tions, the inrement in the splitting of the levels redues
the eetive degeneray of the ground state whih, in
turn, is orrelated with a dereasing TK . This behaviour
is more pronouned when using UNCA
(0+1)
.
On the other hand, it has to be notied that in the
UNCA
(0)
alulation, when U is large, a small variation
in ∆Γ gives rise to large variations in ∆12. This leads to
low Kondo temperatures and even to the disappearene
of the Kondo regime (TK < 0) whih an be learly seen
in Fig. (7) for U= 100 eV, where only two points present
a positive TK .
It must be stressed that the evolution of TK with ∆12
shown in Fig. (7) and (8) is not neessarily the one of a
real ompound. We will show in the next setion that
using ab initio alulated hybridization funtions, whih
show a rih struture as a funtion of energy, an give
rise to a dierent behavior.
V. REALISTIC CALCULATIONS FOR CERIUM
COMPOUNDS
In this setion we apply the previous ideas to two re-
alisti Cerium ompounds with dierent eletroni prop-
erties. In the ase of Ce intermetalli ompounds long
experiene in the area shows that the behavior of dier-
ent properties, suh as TK , rystal eld splittings, mag-
neti suseptibilities, an be readily obtained, qualita-
tively as well as quantitatively, by onsidering an impu-
rity problem due to the loalization of the 4f orbitals
[4, 5, 6, 19, 20, 21℄. In partiular, we hoose the heavy
fermion system CeIn3 and the intermediate valene one
CeSn3. In both systems, from magneti suseptibility
measurements, Pedrazzini et al [22℄ have obtained the
J = 52 Γ7 doublet as the ground state. The same result
was obtained from neutron sattering measurements by
Murani et al [23℄. CeIn3 shows the normal Curie-Weiss
suseptibility at all temperatures exept around and be-
low the Néel temperature, TN (= 10.2K), so that a small
value for the Kondo temperature is expeted (TK < TN )
[23℄. CeSn3, on the other hand, shows an enhaned Pauli
suseptibility at low temperatures followed by a shal-
low maximum and a Curie-Weiss behaviour above it [23℄.
The Kondo temperature in this ase is well reported and
its value is TK = 450K[4℄.
In both ompounds a preise experimental estimation
of the rystal-eld splitting is diult. In the ase of
CeIn3, In is a strong neutron absorber and this makes the
interpretations of the experiments rather umbersome.
In spite of this, the reported estimated value for ∆CF is
around 130 K [22, 23℄. On the other hand, in the ase
of CeSn3 the strong hybridization indues a large TK so
that TK >> ∆CF and the experiments fail to resolve the
rystal-eld peaks.
A. Ab initio hybridization funtions
We obtain the hybridization funtions of the 4f states
of Cerium with the ondution band from rst priniples
within the Density Funtional Theory. In this work, the
ab initio alulations are done using the full potential
linearized augmented plane waves method (FP-LAPW),
as implemented in the Wien2k ode [24℄. As suggested
by Gunnarsson et al. [25℄, the hybridization Γm(ε) an
be estimated from the projeted LDA 4f density matrix
ρLDAm at the Ce site in the following way,
Γm(ε) = −Im
{
lim
η→0
[(∫
dz
ρLDAm (z)
ε− iη − z
)]−1}
. (25)
In all ases the labels m orrespond to the dierent
irreduible representations of the 4f states at the ubi
Ce site. That is, for J = 52 the doublet Γ7 and the quar-
tet Γ8, while for J =
7
2 the doublets Γ6 and Γ7, and
the quartet Γ8. The LDA alulations are performed at
the experimental volumes of the CeIn3 and CeSn3 om-
pounds. The mun-tin radii, Rmt are taken equal to
2.4 a.u. in the ase of the anion ligands, while the orre-
sponding radii for Ce are taken equal to 3.0 a.u. in the
CeIn3 ompound and 3.3 a.u. in the CeSn3 one. 102 k
points in the irreduible Brillouin zone are onsidered to
be enough for the quantities to be alulated.
The hybridization funtion is used as input in the
UNCA set of equations. The rystal-eld splittings are
9read from the separation of the peaks of the dierent
spetral funtions, ρm's, whih are shifted one with re-
spet to the other due to the dierent degree of hybridiza-
tion of eah 4f level with the ondution band. We fous
on the value of the splitting in the J = 52 multiplet,
namely ∆CF = εfΓ7−εfΓ8 . We will all this mixed teh-
nique LDA-UNCA from now on. In the UNCA equa-
tions we take the bare energy value for the 4f state from
photoemission experiments [26℄. It is, namely, -2 eV for
CeIn3 and CeSn3. We shift the J =
7
2 multiplet in an
amount given by ∆SO = 0.35 eV , due to the spin-orbit
interation, and use U =6 eV for the on-site Coulomb
interation onstant among the f -eletrons, whih is on-
sidered to be a standard value for Cerium systems [27℄.
All these energy levels are given with respet to the Fermi
energy.
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Figure 9: Hybridizations funtions from LDA alulations for
the J = 5/2 multiplet of CeIn3.
B. LDA-UNCA results
The alulated hybridization funtions for the J = 5/2
multiplet are shown in Figs. (9) and (10) in the ases
of CeIn3 and CeSn3, respetively. These hybridization
funtions are in qualitative agreement with the ones al-
ulated by Han et al. [4℄ using the LMTO-ASA approx-
imation. In both ompounds, the Γ7 symmetry has the
largest average value in the whole range of energy. Using
the LDA-UNCA method, we obtain a ground state of Γ8
symmetry for both systems when we use the UNCA
(0)
sheme. This does not agree with the experimental re-
sults for these Cerium ompounds. The ∆CF 's do not
depend on the approximation employed to ompute the
vertex funtions and their values are ∆CF = 18K and
∆CF = 60K for CeIn3 and CeSn3, respetively. On
the other hand, within the UNCA
(0+1)
sheme, we ob-
tain a ground state with Γ7 symmetry for both studied
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Figure 10: Hybridizations funtions from LDA alulations
for the J = 5/2 multiplet of CeSn3.
Cerium systems, and for all vertex orretions used. In
this sheme, the values of the ∆CF are 150 K and 180 K
for CeIn3 and CeSn3, respetively. In the rst ase this is
in good agreement with the experimental result reported
for CeIn3 (130 K). As we have shown in Setion III D,
the TK strongly depend on the hoie of the approxima-
tion for the vertex funtions. For these real systems, the
TK are again overestimated in the NCAf
2
v approxima-
tion with respet to the NCAf2vǫ˜ one. In Table III we
show the alulated values for the TK , as well as the sym-
metry of the ground state, for the CeSn3 ompound in
both, UNCA
(0)
and UNCA
(0+1)
shemes, and for all the
approximated verties onsidered.
We want to remark that the UNCA
(0+1)
sheme with
the NCAf2vǫ˜ approximation for the vertex orretions
gives values for the ground state symmetry and for the
∆CF 's in very good agreement with the experimental
ones in these Cerium systems. Furthermore, for the
CeSn3 ompound, we obtain a value for TK very near to
the experimental one, that is,450K. In the ase of CeIn3
we obtain a negative value for the TK whih implies that
the Kondo regime has not been ompletely established in
agreement again with the experimental observation that
TK , if it exists, should be below TN ∼ 10 K as mentioned
above.
All the vertex approximations presented in this work
apture the experimental energy sale of TK in the ase
of CeSn3, but only the NCAf
2
vǫ˜ approximation within
the UNCA
(0+1)
sheme gives a quantitative agreement
(TK = 480K) with the experimental value (TK = 450K).
As already mentioned, the results obtained for TK and
for the rystal-eld splittings in these ompounds do not
follow the behavior of the onstant hybridization simple
model of the previous setion, in the sense that a larger
splitting does not neessarily lead to a smaller TK . This
enfores the importane of taking into aount the real
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CeSn3 ΓGS NCAf
2
v NCAf2vǫ NCAf2vǫ˜
TK TK TK
UNCA
(0) Γ8 1030 788 722
UNCA
(0+1) Γ7 757 538 480
Table III: Results for the Kondo temperature and symmetry
of the ground state (ΓGS) as obtained using dierent approx-
imations to the vertex funtion. Within the UNCA
(0)
and
UNCA
(0+1)
shemes for the CeSn3 ompound. The Kondo
temperatures are given in Kelvin.
eletroni struture information when solving many-body
hamiltonians.
VI. DISCUSSION AND CONCLUSIONS
We have solved the Anderson impurity Hamiltonian
using the nite U non-rossing approximation (UNCA)
in its simplest sheme, that is, onsidering the self ener-
gies at lowest order in the 1/N diagrammati expansion
(UNCA
(0)
). This approximation yields a orret Kondo
energy sale, and it is then a reliable approah to perform
realisti alulations for 4f systems.
Even if the approximation is simple, a set of oupled in-
tegral equations for the vertex funtions has to be solved.
These funtions depend on two independent energy vari-
ables. In this work, we have extended the NCAf2v ap-
proximation to the vertex funtions introdued by Sakai
et al., inluding the seond energy variable in two dier-
ent ways alled NCAf2vǫ and NCAf2vǫ˜. We have al-
ulated and ompared the TK using these three dierent
approximations. Our results onrm that the NCAf2v
approximation gives the orret Kondo energy sale, but,
in order to make a quantitative omparison with the ex-
periments (in real systems), the double dependene on
energy annot be disregarded when the Coulomb inter-
ation involved is near to U = 6 eV. In fat, with our
NCAf2vǫ˜ approximation, we obtain TK for the CeSn3
ompound in surprising agreement with the experimental
one, when using ab initio alulated hybridization fun-
tions.
We have also analyzed the ompetition between the
two spin ip mehanisms, involving virtual transitions to
empty and doubly oupied states, in the determination
of the ground state symmetry of the loal state, by in-
luding an extra diagram of higher order in 1/N . This
extra diagram orresponds physially to virtual transi-
tions to the empty state, f1 → f0 → f1, whih is not
inluded in the UNCA
(0)
sheme. We have shown that
the inlusion of this diagram (UNCA
(0+1)
) is neessary
in order to obtain the experimental ground state symme-
try for the Cerium systems CeIn3 and CeSn3, whih we
have taken as test examples.
Summarizing, this work presents an analysis of the dif-
ferent orretions that an be made on the vertex fun-
tions within the nite-U NCA approximation showing,
quantitatively, the importane of its double energy de-
pendene on the Kondo temperature. It also gives phys-
ial insight into the fators determining the ground state
symmetries as a ompetition between two dierent spin
ip mehanisms. We nally test and apply the previ-
ous features in real systems taking as input the LDA
hybridizations, obtaining very good agreement with ex-
perimental information.
VII. APPENDIX
A. Numerial Details
All vertex orretions and self-energies have been om-
puted diretly from their expressions given in this paper.
To alulate them, we employ two dierent sets of fre-
quenies, ǫ(i) and ω(j) with 1 ≤ i ≤M1 and 1 ≤ j ≤M2
respetively. The mesh for ǫ(i), in whih the hybridiza-
tion funtion is dened, is divided into M1 equal steps of
size h = (emax− emin)/M1. We use a large value for M1,
typially 4000. In view of this, a simple trapezoid rule
is enough to perform the integrals. On the other hand,
the mesh ω(j) is a non-linear one and ollets the major-
ity of its points near the pole of the light boson spetral
funtion. This mesh is also dense enough near the pole
of the pseudo-fermions spetral funtions. This attribute
beomes fundamental to give a well dened TK work-
ing with a reasonable amount of w frequenies. In this
analysis, we use a numberM2 of ω(j) frequenies around
1000-1500. The innitesimal η in the Green's funtions
is xed as a multiple of the minor step in the ω(j) mesh.
B. Linear algebrai equations for Λ
(c)
m (ω, ǫ)
In this subsetion, we give some details about the set
of linear algebrai equations given by Eq. (16). We use
the short notation
εm(ǫ) = ǫ˜m + U − ǫ− iη
for the equation that denes the vertex Λ
(c)
m , whih be-
omes
εm(ǫ)Λ
(c)
m (ω, ǫ) +
∑
m′ 6=m
Fm′(ω)Λ
(c)
m′(ω, ǫ) = εm(ǫ)
The funtions Fm(ω) are given by Eq. (9).
In the spei ase in whih the index m runs over
three dierent symmetries, namely [1, 2, 3], whose degen-
eraies are {2, 4, 8} , respetively, the solution of the pre-
vious system requires the inversion of a omplex non-
symmetrial 3×3 matrix. This inversion is done for eah
11
ω(j) and ǫ(i) energies.
Λ(c)(ω, ǫ) =M−1(ω, ǫ) ε(ǫ)
where the matrix M, the vetors Λ(c)(ω, ǫ) and ε(ǫ) are
given by the following expressions
M(ω, ǫ) =

 F1(ω) + ε1(ǫ) 4F2(ω) 8F3(ω)2F1(ω) 3F2(ω) + ε2(ǫ) 8F3(ω)
2F1(ω) 4F2(ω) 7F3(ω) + ε3(ǫ)


Λ(c)(ω, ǫ) =

 Λ
(c)
1 (ω, ǫ)
Λ
(c)
2 (ω, ǫ)
Λ
(c)
3 (ω, ǫ)


ε =

 ε1(ǫ)ε2(ǫ)
ε3(ǫ)


This is the typial ase of Cerium systems in whih
level m = 1 and m = 2 orrespond to the Γ7, Γ8
symmetries of j = 5/2 multiplet, respetively, and
m = 3 represents the whole j = 7/2 multiplet.
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